Abstract. We compute zeros off the critical line of a Dirichlet series considered by H. Davenport and H. Heilbronn. This computation is accomplished by deforming a Dirichlet series with a set of known zeros into the DavenportHeilbronn series.
In 1936, H. Davenport and H. Heilbronn (see [2] ) showed that f 1 (s), as defined in (1) , has zeros off the critical line σ = 1/2. In 1994, R. Spira (see [3] ) computed the following zeros of the Davenport-Heilbronn example:
.808517 + 85.699348i, .650830 + 114.163343i,
.574356 + 166.479306i, .724258 + 176.702461i.
In this note we present a scheme for computing additional zeros of the DavenportHeilbronn Dirichlet series.
Continuity of zeros
In order to compute zeros of f 1 , let us consider 
The next theorem shows that if ρ 0 is a zero of f 0 , and τ > 0 is small, then f τ has a zero ρ τ in a small neighborhood of ρ 0 . Beginning with ρ 0 as initial data, it is easy (provided τ > 0 is small) to numerically compute a zero ρ τ of f τ in a small neighborhood of ρ 0 . Repeating this process a number of times, we end up with a zero ρ 1 of the Davenport-Heilbronn series f 1 . 
and extended to the whole complex plane by analytic continuation. Let ρ be such that 0 < e(ρ) < 1 and f 0 (ρ) = 0. If δ > 0 and τ ∈ R are sufficiently small, then there exists s such that f τ (s) = 0 and |s − ρ| < δ.
Thus, our scheme of computation of zeros of f 1 is to keep track of zeros of f 0 while performing a 'deformation' of f 0 into f 1 . By keeping track of the first known zeros of f 0 as defined in (4), we found the following additional zeros of the Davenport-Heilbronn Dirichlet series f 1 defined in (1) 
Two hypotheses
In this section, we consider the case in which f 0 and f 1 are two linearly independent Dirichlet series satisfying a given functional equation. For example we might take f 0 to be as in equation (4) above, or we might take f 0 to be
Notice that f 0 as given in (4) and L s, χ
both satisfy the functional equation
with T = 5 and
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Thus we have two linearly independent Dirichlet series satisfying a given functional equation. Hence, by taking appropriate linear combinations of these, we can produce a Dirichlet series f 1 satisfying the above functional equation and having a zero off the critical line, in fact, at any preassigned place in the complex plane. With these f 0 and f 1 , we let f τ be as in (5). Then f τ satisfies the functional equation
Since f τ satisfies (6), then its nonreal zeros lie symmetrically about the critical line σ = 1/2. Hence, by Theorem 1 in section §2, a simple zero must move along the critical line. If we assume that all zeros of f 0 are simple, how then might we obtain any zero of f 1 lying off the critical line? It is easy to see that there must exist 0 ≤ τ * < 1 such that f τ * has a zero in the critical line with an even multiplicity. Loosely speaking, we might say that zeros of multiplicity greater than one must exist before the Riemann hypothesis fails. 
Other periodic Dirichlet series

Theorem 2. Let f (s) be a T -periodic Dirichlet series. Let χ 1 (s)
and χ 2 (s) be as in (7) and (3) respectively. Let 
is the list of all 2-periodic Dirichlet series which are the unique solution of a functional equation.
For T = 3,
is the list of all 3-periodic Dirichlet series which are the unique solution of a functional equation. Here χ (3) 1 is the nonprincipal character modulo 3. For T = 6,
is the list of all 6-periodic Dirichlet series which are the unique solution of a functional equation. Here χ (6) 1 is the nonprincipal character modulo 6. For T = 7, (1), f 2 as given in (8) and f 3 as given in (9). Now we list a few zeros off the critical line of f 2 as given in (8 
Proof of Theorem 1
In order to prove the theorem in §2, we let
a τ (j) and A τ (x) = j≤x a τ (j).
For σ > 0 we have
Assume ρ ∈ C is such that 0 < e(ρ) < 1 and f 0 (ρ) = 0. There exist δ > 0 such that f 0 (s) does not vanish for 0 < |s − ρ| ≤ δ. Let 
